We detail the design and characterization of a terahertz range achromatic quarterwave plate based on a stack of aligned variable thickness birefringent sapphire discs. The disc thicknesses and relative rotations of the discs are determined through a basin-hopping Monte Carlo thermal annealing routine. The basin-hopping scheme allows an improved refinement of the required thicknesses and rotations to give a predicted phase error from the ideal π/2 of only 0.5%, which is a factor of approximately 6 better than previous efforts. Moreover, the large contrast between extraordinary and ordinary axes of sapphire allow us to greatly decrease the overall optical path length of our wave plate design by approximately a factor of 10 over similar designs based on quartz discs. However, this very same contrast requires very precise tolerances in the milled thicknesses of the discs and their assembly. We detail a method to compensate for differences in the thickness from their calculated ideal values. We have constructed one of our designs and found it similar in performance to other configurations, but with our much more compact geometry.
I. INTRODUCTION
THz frequencies and picosecond time scales are found ubiquitously in condensed matter physics and material systems. In recent years, the use of the technique of time-domain terahertz spectroscopy (TDTS) 1 has grown dramatically and been employed in many different areas including materials science [2] [3] [4] , monitoring of pharmaceutical ingredients 5 , security and biohazard detection 6, 7 , structural and medical imaging [8] [9] [10] [11] [12] and the study of materials with low temperature quantum correlations [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . In the TDTS technique, an approximately one ps long pulse of electromagnetic radiation is transmitted through the sample. Use of such a time limited pulse gives multiplexing advantages, as it is composed of a large range of frequency components and therefore gives the ability to do broadband spectroscopy in a single source and detection scheme. Although this has obvious advantages, it can complicate measurements because many THz and millimeter range optical components are narrow band.
In the characterization of materials, THz range polarimetry is becoming increasingly important. Many materials show strong polarization anisotropies that provide important information about the magnetic and electronic states of the materials under test [24] [25] [26] [27] [28] [29] . Recent advances allow for precise polarimetry and make measurements possible that could not be made previously 15, [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . Despite these advances in measuring polarization states it is still surprisingly challenging to reliably generate TDTS radiation of a non-trivial polarization state. Part of the issue here is the general difficulty in manipulating THz range radiation. However, an additional difficulty arises due to the broadband nature of a TDTS pulse and the intrinsically narrow band nature of typical devices like conventional multi-order Achromatic wave plates in the visible range have a long history. In pioneering work, West and Makas 41 combined plates with different birefringent dispersions to achieve partial cancelation of the phase shift giving a large portion of the visible frequency range with the same π/2 phase shift. This is how essentially all commercial achromatic wave plates are now made. Destriau and Prouteau 42 combined a half-wave plate and a quarter-wave plate of the same material and succeeded in creating a new effective quarter-wave plate that extended the bandwidth of the composite retardation plate into the entire visible part of the electromagnetic spectrum. Much more recently, Masson and Gallot 43 succeeded in extending these ideas to a multi-layers structure with thicknesses appropriate to the THz regime. They optimized the thicknesses and relative orientation of 6 birefringent quartz plates through a thermal annealing algorithm to achieve a phase delay of π/2 ± 3% over a frequency range of 0.25 -1.75 THz. Although, the device of Ref. 43 is remarkable with its broad bandwidth, because it uses quartz which has an overall weak frequency birefringent contrast (n o = 2.108, n e = 2.156) between fast and slow axes, the structure has an overall length of almost 3 cm. A long optical path length as such makes its incorporation in usual terahertz setups difficult without realignment.
In the present work, we have succeeded in designing and implementing an multi-plate arrangement based on sapphire discs. The much larger contrast between optical axes in sapphire as compared to quartz means that the device reduces the optical path length by an order of magnitude over previous designs (approximately 3 mm in our design), which makes it far easier to incorporate into an existing optical setup to achieve circularly polarized light. The larger birefringent contrast and compact size of the insertion device comes at the cost of much more precise required tolerances with respect to angular misalignment and machining thicknesses. In this work we use a basin-hopping Monte Carlo algorithm to determine the optimal thicknesses and relative rotations. A few different potential scenarios are discussed, but in all cases the predicted phase error can be kept below 0.5%. Because of the small overall thicknesses, the device with sapphire discs is very sensitive to misalignment and machining tolerances. We detail a procedure that minimizes the problems associated with such errors. We have assembled one of these devices and for one of the scenarios we found an overall phase error of a few percent in the 0.1 -0.8 THz range.
II. METHODS
As mentioned above, in contrast to other recent efforts to implement multi-layers structure for THz waveplates, we use sapphire due to large difference in index of refraction between its ordinary and extraordinary axes. This allows the device to be made very compact and easily incorporated into existing spectroscopic systems. Sapphire (Al 2 O 3 ) was chosen because it is a conventional optical window material with a large birefringent contrast (n o = 3.39, n e = 3.07), which also has very low absorption losses in the THz range.
As done in Ref. 43 we combined a stack of birefringent plates with specified thicknesses and rotations such as to achieve the smallest overall deviation from a π/2 phase shift in the target spectral range. The optical properties of an individual layer i is computed from its Jones matrix which for a wave plate with phase delay δ i and relative rotation angle θ i .
Due to the symmetry properties of waveplates 29 the total Jones matrix for the full stack is given by Table I .
The resulting phase shift between principle axes of the wave plate is
We performed a basin-hopping Monte Carlo simulations 44 to optimize the layer thickness and rotation by minimizing the error function
2 over the frequency range 0.1 -2 THz. Basin-hopping is an algorithm for efficient global optimization for finding minima. It has the advantage over conventional thermal annealing because it allows one to sample a larger parameter space so as not to get stuck in local minima of the error function.
III. RESULTS AND DISCUSSION
We explored a number of different possible configurations with different combinations of sapphire plates. In all cases the overall length of the device was approximately 2-4 mm, which is significantly reduced from the device of Ref. 43 which was approximately 3 cm long. Although in principle one can also choose to optimize the thickness for every layer also, here we chose to allow the algorithm to optimize with one or two thicknesses as ultimately having only a few possible different kinds of custom optical components manufactured greatly reduces machining costs while still achieving the same accuracy in phase. Ultimately we believe we are dominated by alignment errors in assembly and machining thickness so choosing a discrete number of possible thickness does not introduce significant additional errors and is more cost effective. In Fig. 1 (a) we show configurations for different numbers of plates with a single thickness that gives errors 1-3 %. One can see in Fig. 1 (b) for three different configurations (A, B, C) of a different number of plates with two unique thicknesses. The typical error in all cases was approximately 0.5%, which was significantly reduced from combinations with a single thickness. It is also reduced from combinations arrived at without basin-hopping algorithms which were typically about 3%. In principle, all these combinations are suitable for assembly depending on one's resources and needs. The parameter values for three different configurations shown in Fig. 1 (b) can be found in Table I .
Although the large birefringent contrast in sapphire allows us to shrink the overall length of the device by approximately a factor of 10, it also significantly decreases the tolerances for machining and assembly errors to achieve a particular phase error. In Fig. 2 (a) , we show the calculated phase error when thickness deviations of ±0.1µm, ±3µm, ±5µm, and ±10µm from the ideal are substituted alternately in the stack. In Fig. 2 (b) , we show the calculated phase error for ±1
• misalignments for configuration C in the optimal thicknesses for sapphire as well as a model with a cumulative angular offset error where each layer is offset by an additional 1
• from the adjacent layer. These simulations show that the device must be assembled very precisely to not have substantial phase errors.
Note that when comparing Fig. 1 a and b , the two-thickness configuration for 8 plates has much smaller phase error than the single thickness for 12 plates. In fact, in order to reach 0.5 % error for one thickness, one needs at least 18 plates. We also simulated the case of different thickness for each plate up to 20 plates and we got similar 0.5 % error. However, considering the extreme sensitivity of angular alignment, we believe it will be most suitable to pursue a design with fewer plates. Therefore, in the interest of simplicity and low manufacturing cost we chose to only have the single configuration C milled, as milling a number of plates of the same thickness is most cost effective. The sapphire discs were machined with A plane orientation to the specified target thicknesses with a diameter of 25.4 mm by Base Optics Inc. Due to the large contrast in the indices of refraction between the extraordinary and ordinary direction, in principle we required that double-side polished sapphire plates must be machined to better than 1 µm tolerances. And although a "best effort" basis to achieve 1 µm was attempted, in practice only 10 µm could be guaranteed. To compensate for this, a large number of plates were machined, all had their thicknesses measured with a micrometer with accuracy of 1 µm, and the ones closest to our specification were chosen. We found than plates were usually within ±3 µm of tolerance. After choosing • alternately from its ideal rotation. Blue signifies an accumulation of errors with each layer +1
• additional degree per layer from its ideal position.
plates, we reoptimized the rotations through the basin-hopping algorithm with the thickness fixed at the measured values. This achieved a predicted phase shift that was within 0.5% percent in a frequency range of 0.2 to 2 THz, otherwise the phase errors are expected to be large. A small flat was machined on each disc to reference the extraordinary axis. Please see an example disc in Fig. 3 . A small jig was devised that mated to this flat. See Fig. 3 for a picture of the setup. On the face of the jig were a few small holes in which suction could be applied while a disc was affixed and pressed into contact with other discs. Each disc was epoxied on its outside edge with a small unpolished bevel on the discs aiding in epoxy adhesion.
THz measurements was performed in a home built THz setup using the polarization modulation technique developed recently 15, 34, 35 . GaAs Auston switches are used as emitters and receivers to generate and detect THz pulses. An ultrafast laser (800 nm) is split into two paths by a beamsplitter. One beam travels to the biased emitter and generates a THz pulse. This THz pulse passes through the sample or substrate and arrives at the receiver. The FIG. 3 . a) View of a sapphire disc. b) Face of jig that can apply vacuum to hold a sapphire disc on while it pressed in position and epoxied. Note the small flat on the right side of the image that mates with a machined flat on the sapphire discs to reference the disc optical axis.
other laser beam propagates to the receiver and is used to gate the THz pulse coming from the emitter side. By varying the path length difference of the two paths, the electric field of the transmitted pulse is measured in the time domain. Ratioing the Fourier transform of the transmission through the sample to that of a reference gives the frequency dependent complex transmission function in a range that typically of order 100 GHz -3 THz. The complex optical parameters of interest e.g. complex dielectric function or the complex index of refraction can then be obtained from the complex transmission function.
We use the fast polarization modulation technique to measure the polarization states accurately 15, 34, 35 . A static wire-grid polarizer (WGP1) is placed before the sample. After the sample, a fast rotating polarizer (FRP) unit and then another static WGP2 are used. WGP1 and WGP2 transmit vertically polarized light. With this combination, in the phase modulation technique, E x (t) and E y (t) can be measured simultaneously in a single scan by reading off the in-and out-of-phase outputs from a lockin. If light is originally sent in along the x direction, then the complex rotation θ = θ + iθ can be obtained by θ=atan[E y (ω)/E x (ω)] after Fourier transforming into the frequency domain. Linearly polarized light becomes elliptically polarized after passing through the sample with a rotation θ (real part). The imaginary part of the rotation θ is related to the ellipticity in the small rotation angle regime 34 . In Fig. 4 we show the arctan(E y /E x ) which gives the relative ∼ π/2 phase between the x and y channels and we also show how the circularly polarized electric field evolves with time. Although the spectral range is more limited than in the prediction, one can see errors of only a few percent (a standard deviation 4.7 %) over the large frequency range of the 0.1 -0.8 THz range. Errors are larger than the phase accuracy of spectrometer (standard deviation 1.3 %). These larger than anticipated phase errors could arise from errors in assembly alignment, machining, or a small deviation of the used values from the actual values in the index of refraction of sapphire 33 .
IV. CONCLUSION
We have demonstrated the design and characterization of a THz range achromatic quarter-wave plate based on a stack of aligned variable thickness birefringent sapphire discs. We determined the disc thicknesses and relative rotations through a basin-hopping Monte Carlo thermal annealing routine. The basin-hopping scheme allows an improved refinement of the required thicknesses and rotations to give a phase error from the ideal π/2 of only 0.5%, which is a factor of approximately 6 better than previous efforts. In fact, this value of below the standard spectrometer measurement accuracy of ∼ 1 %. The large contrast between extraordinary and ordinary axes of sapphire allow us to greatly decrease the overall optical path length of our wave plate design by approximately a factor of 10 over existing similar designs based on quartz discs. However, this very same contrast requires very precise tolerances in the milled thicknesses of the discs and their assembly. We have detailed a method to compensate for differences in the thickness from their calculated ideal values. We have constructed one of our designs and found it similar in performance to existing schemes, but using our much more compact geometry.
